Abstract. We study the vanishing cycles of a one-parameter smoothing of a complex analytic space and show that the weight filtration on its perverse cohomology sheaf of the highest degree is quite close to the monodromy filtration so that its graded pieces have a modified Lefschetz decomposition. We also describe its primitive part using the weight filtration on the perverse cohomology sheaves of the constant sheaves. As a corollary we show in the local complete intersection case that 1 is not an eigenvalue of the monodromy on the reduced Milnor cohomology at any points if and only if the local complete intersection and the hypersurface defined by the function are both rational homology manifolds.
Introduction
Let X be a complex analytic space of dimension n, and X i be the irreducible components of dimension n. Let IC X Q := i IC X i Q be the intersection complex, which belongs to the category of perverse sheaves Perv(X, Q) (see [1] ) and is naturally identified with a mixed Hodge module ( [10] , 3.21). Shrinking X if necessary, we assume that X is an intersection of hypersurfaces in a complex manifold so that Q X exists in the derived category of mixed Hodge modules, see (1.3) below. By the same argument as in [10] , 4.5.9, there is a canonical morphism
inducing an isomorphism (0.1) Gr
where p H j is the perverse cohomology [1] and W is the weight filtration of p H j Q X in MHM(X). It is well-known (see [1] p H j Q X = 0 (j > n), Gr
It is also well-known to the specialists that Q X [n] = IC X Q if and only if X is a Q-homology manifold, see (1.5) below. Note that the p H j Q X are globally well-defined in MHM(X) (see [10] , 2.19) and we have by (0.1-2) (0.3) Q X [n] = IC X Q ⇐⇒ p H j Q X = 0 (j < n), Gr W j p H n Q X = 0 (j < n) . Let f : X → C be a holomorphic function on X such that the fibers f −1 (t) are smooth and purely (n − 1)-dimensional for t = 0. Setting Y = f −1 (0), this condition is essentially equivalent to the smoothness and the pure dimensionality of X \ Y replacing X with an open neighborhood of Y if necessary. Assume f is nonconstant on any n-dimensional irreducible component of X. Let i : Y ֒→ X denote the inclusion. Theorem 1. Let f be as above. Then we have an exact sequence of mixed Hodge modules
and isomorphisms
This is shown by applying the functor i * to the distinguished triangle associated to the mapping cone of Q X → (IC X Q)[−n] and using (0.1-2). If Q X [n] is a perverse sheaf, then Q Y [n − 1] is also a perverse sheaf by the last isomorphisms of Theorem 1.
Let ψ f , ϕ f denote the nearby and vanishing cycle functors [3] . We denote by ψ f,1 , ϕ f,1 their unipotent monodromy part. In this paper these functors are shifted by −1 so that they preserve perverse sheaves and commute with p H j . Set N = log T u with T u the unipotent part of the monodromy T . Note that ψ f Q X [n] = ψ f IC X Q is a perverse sheaf, and ψ f p H j Q X = 0 for j = n, since X \ Y is smooth and ψ f F depends only on F | X\Y in general. The weight filtration W on the nearby cycles ψ f Q X [n] = ψ f IC X Q is the monodromy filtration [4] shifted by n−1. However, W on the vanishing cycles ϕ f,1 p H j Q X is rather complicated in case X is singular (even in the isolated singularity case, see e.g. [12] ). Since ϕ f,1 p H j Q X for j = n is supported in Y , it is identified with p H j Q X and the action of N on it vanishes. So we are mainly interested in ϕ f,
Theorem 2. Let f be as in Theorem 1. There is a noncanonical decomposition
compatible with N and satisfying
where
Corollary 1. With the above notation, we have the Lefschetz decompositions
n+k denotes the primitive part, and similarly for
is a perverse sheaf (e.g. if X is a local complete intersection), then p H n−1 Q X vanishes in the above formula and Q Y [n − 1] is also a perverse sheaf by Theorem 1. In the isolated singularity case, Theorem 2 was essentially stated in [11] , see also [12] .
From Theorem 2 together with (0.3) for X, Y , we deduce Theorem 3. Let f be as in Theorem 1. Assume Q X [n] is a perverse sheaf (e.g. X is a local complete intersection) so that Q Y [n − 1] is also a perverse sheaf. Let F x denote the Milnor fiber of f around x ∈ Y . Then (a) The following three conditions are equivalent to each other.
is the monodromy filtration shifted by n − 1.
(b) The following three conditions are equivalent to each other.
(
is the monodromy filtration shifted by n.
(c) The following three conditions are equivalent to each other.
The assertion (c) says that ϕ f,1 Q X just contains the information of the difference between Q X [n] and IC X Q together with the difference between Q Y [n − 1] and IC Y Q in this case, see (0.3). (For assertions using the topological methods, see [8] .) We have V ′′ • = 0, for example, if f : X → C is the base change of g : Z → C by an m-fold ramified covering of C such that Z is smooth and an m-th primitive root of unity is an eigenvalue of the monodromy of g. We have V ′ • = 0, for example, in the case where X is smooth, Y has an isolated singularity, and 1 is an eigenvalue of the Milnor monodromy.
Let z ∈ Z := supp V• ⊂ Y with the inclusion i z : {z} ֒→ Z. Let Z i be the local irreducible components of (Z, z). Using Theorem 2, we get an assertion on the Milnor cohomology in a special case as follows. 
In case p H n−1 Q X = 0, we have moreover
Here the mapping cone
Corollary 3. With the assumptions of Corollary 2, the maximal size of the Jordan block of the monodromy on H n−1 (F z , Q) 1 is the largest number k such that
In Section 1, we recall some basics of mixed Hodge modules and prove a lemma used in the proof of Theorem 2. In Section 2 we prove Theorems 1-3 and Corollaries 2-3.
1. Preliminaries 1.1. Weight filtration. Every mixed Hodge module M on a complex analytic space X has a canonical weight filtration W in the category of mixed Hodge modules MHM(X), and every morphism of mixed Hodge modules is strictly compatible with the weight filtration W . We say that M is pure of weight n if Gr W k M = 0 for k = n. If a mixed Hodge module M is pure, then it has a strict support decomposition M = Z M Z , where Z runs over the irreducible closed analytic subspaces of X, and M Z has strict support Z, i.e. its support is Z and there is no nontrivial sub nor quotient object with strictly smaller support. Pure Hodge modules are semisimple since they are assumed to be polarizable, see [9] , 5.1-2.
Nearby and vanishing cycle functors.
With the above notation, assume X is pure dimensional, and let X i be the irreducible components of X. Let M be a pure Hodge module of weight n which is a direct sum of pure Hodge modules M X i with strict support X i . Let f be a holomorphic function on X which is nonconstant on any X i . By definition ([9], 5.1.6) the weight filtration W on the nearby and vanishing cycles ψ f M, ϕ f,1 M is the monodromy filtration shifted by n − 1 and n respectively. So we have
As for the non-unipotent monodromy part, we have
Set Y = f −1 (0) with the inclusion i : Y ֒→ X. Since M has strict support X and
and there is a short exact sequence of mixed Hodge modules on Y
In fact, the functor i * is defined by the mapping cone of ψ f,1 → ϕ f,1 , i.e. we have a distinguished triangle
This is slightly different from the usual one since ψ f,1 , ϕ f,1 in this paper are shifted by −1 so that they preserve perverse sheaves. We have moreover isomorphisms
where 
for any pure Hodge module M of weight n with Z := supp M ⊂ Sing X (where we may assume that Z is an intersection of hypersurfaces shrinking V if necessary). Indeed, the strict support decomposition implies
where M ′ is a pure Hodge module of weight n and supp M ′ ⊂ Sing X, and it is enough to show that M ′ = 0. For a holomorphic function f on X and x ∈ Y := f −1 (0), let i x : {x} ֒→ Y denote the inclusion, and F x denote the Milnor fiber around x. Since ψ f and ϕ f in this paper are shifted by −1, we have
The following will be used in the proof of Theorem 2. 1.5. Remark. It is well-known to the specialists that the condition Q X [n] = IC X Q is equivalent to that X is a Q-homology manifold. Indeed, the former condition implies that
using the self-duality D(IC X Q) = IC X Q(n) where D denotes the functor associating the dual. Then (1.5.1) implies that X is a Q-homology manifold. The converse is easy, see also [6] , [8] .
2. Proof of main theorems 2.1. Proof of Theorem 1.
Since the p H j G X are supported on Y , G X can be identified with a complex of mixed Hodge modules on Y (i.e. it is viewed as an abbreviation of i * G X ), see [10] , 2.23. Applying the functor i * , we get then a distinguished triangle on Y
Since f is nonconstant on any n-dimensional irreducible component of X, we have (2.1.3) p H j i * (IC X Q) = 0 (j = −1).
(ii) If x is an isolated singularity of X, Y , let L X,x denote the link of (X, x), and similarly for Y . In this case G X in (2.1.1) is supported on {x}, and we have isomorphisms for j ≤ n
Combining this with (2.1.4), we see that p H j Q X and p H j Q Y in Theorem 1 can be replaced with the local cohomology groups in this case, see also [11] , [12] .
(iii) If X is a complete intersection and x is an isolated singularity of X, Y , then it is also possible to prove Theorem 3(c) as follows. We have an exact sequence with the notation of Remark (ii) above
where i ′ : L Y.x → L X,x is the inclusion, and the morphism i ′ * vanishes since H n−1 (L X.x ) has weights ≤ n−1 and H n−1 (L Y.x ) has weights > n−1, see e.g. [5] . (It does not seem easy to prove this vanishing without using Hodge or ℓ-adic theory.) Then the assertion follows from the Wang sequence associated to the Milnor fibration L X.x \ L Y,x → S 1 constructed in [7] .
